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Abstract We investigate the convergence of hitting times for jump-diffusion processes. Spe¬ 
cifically, we study a sequence of stochastic differential equations with jumps. Under reasonable 
assumptions, we establish the convergence of solutions to the equations and of the moments 
when the solutions hit certain sets. 
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1 Introduction 

In this article, we consider a sequence of stochastic differential equations with jumps 



6”(s,X"(s))dlU(s) 


f > 0, n > 0. 


Here lU is a standard Wiener process, i/ is a compensated Poisson random measure, 
and A'"(0) is nonrandom (see Section 2 for precise assumptions). Assuming that 
o" —7> a°, —7> 6°, c" —7> c°, and X”(0) —)■ X°(0) as n —>■ oo in an appropriate 

sense, we are interested in convergence of hitting times r” —r°, n —oo, where 


r” = inf{t > 0 : > 0} 
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is the first time when the process X” hits the set = {x : x) > 0}. 

The study is motivated by the following observation. Jump-diffusion processes 
are commonly used to model prices of hnancial assets. When the parameters of a 
jump-diffusion process are estimated with the help of statistical methods, there is an 
estimation error. Thus, it is natural to investigate whether the optimal exercise strate¬ 
gies are close for two jump-diffusion processes with close parameters. Moreover, we 
should study particular hitting times since, in the Markovian setting, the optimal stop¬ 
ping time is the hitting time of the optimal stopping set. 

There is a lot of literature devoted to jump-diffusion processes and their appli¬ 
cations in hnance. The book [1] gives an extensive list of references on the subject. 
The convergence of stopping times for diffusion and jump-diffusion processes was 
studied in [2, 3, 6]. All these papers are devoted to the one-dimensional case, and 
the techniques are different from ours. Here we generalize these results to the multi¬ 
dimensional case and also relax the assumptions on the convergence of coefficients. 
As an auxiliary result of independent interest, we prove the convergence of solutions 
under very mild assumptions on the convergence of coefficients. 


2 Preliminaries and notation 


Let (J7,X, F, P) be a standard stochastic basis with hltration F = > 0} 

satisfying the usual assumptions. Let {W{t) — ..., Wk{t)),t > 0} be a 

standard Wiener process in K.*^, and i'{dd, dt) be a Poisson random measure on R™ x 
[0, c»). We assume that W and v are compatible with the hltration F, that is, for any 
t > s > 0 and any A G i3(R™) and B G i3([s,f]), the increment W{t) — W{s) and 
the value i'{A x B) are Ff-measurable and independent of Bg- 

Assume in addition that i/{d6,dt) is homogeneous, that is, for all A G S(R™) 
and B G i3([0, oo)), x B)] = fj,{A)X{B), where A is the Lebesgue measure, ^ 

is a tj-hnite measure on R™ having no atom at zero. Denote by 1/ the corresponding 
compensated measure, that is, ^{A x B) = v{A x B) — ii{A)\{B) for all A G 
B{W^),B G B{[0,oo)). 

For each integer n > 0, consider a stochastic differential equation in R'^ 


xr(f) = xr(0)+ f a:{s,X-{s))ds + J2 f\j{s,X^{s))dW,is) 
Jo Jo 


+ [ [ C^{s,x^{s-),9)vid0,ds), t>0, i = l,...,d. (1) 

Jo Jk™ 


In this equation, the initial condition X"(0) G R'^ is nonrandom, and the coefficients 
a”, 6”-: [0, oo) X R^' R, c" : [0, oo) x R'^ x R"* R, i = I, ■ ■ ■, d, j = 1,..., k, 
are nonrandom and measurable. 

In what follows, we abbreviate Eq. (1) as 


X”(f) 


= X"(0) 



6”(s,X"(s))dIF(s) 


+ [ [ c”(s,X”(s-),6i)F(d6»,ds), f>0. 

Jo Jr-^ 


( 2 ) 
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For the rest of the article, we adhere to the following notation. By | • | we denote 
the absolute value of a number, the norm of a vector, or the operator norm of a matrix, 
and by {x,y) the scalar product of vectors x and y; Bk{r) = {x S K.^ : \x\ < r}. 
The symbol C means a generic constant whose value is not important and may change 
from line to line; a constant dependent on parameters a, 5, c,.. . will be denoted by 

Ca.b,c,...- 

The following assumptions guarantee that Eq. (2) has a unique strong solution. 
(Al) For all n > 0, T > 0, f e [0, T], x e 

|a"(f,x)|^ + a:)|^ + / \d^{t,x,9)'jyi{d0) < Ct{^ + \x'\^). 

Jr™ 


(A2) For all n > 0, T > 0, f G [0, T], ii > 0, and x,y € Bd{R) 


a'^{t,x) - a^{t,y)\j + \b'^{t,x) - 

+ f \c"-{t,x,d) - c"{t,y,ef y.{de) < Ct,r\x - yl"^. 
Jr™ 


Moreover, under these assumptions, for any T > 0, we have the following esti¬ 
mate; 


sup |A:”(f)| < Ct(1 + |X”(0)| ) 

'-ie[0.T] J 


(3) 


(see, e.g., [5, Section 3.1]). From this estimate it is easy to see from Eq. (2) that for 
all t,s € [0, T], 


E[|X"(f) - a:"(s)|"] < Ct(1 + |x"(0)|")|f - s|. 

Now we state the assumptions on the convergence of coefficients of (2). 

(Cl) For alH > 0 and x G 

a^{t,x) —>■ oP{t,x), b^{t,x) —>■ b^{t,x), 

f \c^{t,x,9) — c^{t,x,9f fi{d9) ^ 0, n^oo. 
Jr™ 


(4) 


(C2) X"(0) ^ -A°(0), n^oo. 


3 Convergence of solntions to stochastic differential equations with jumps 

First, we establish a result on convergence of solutions to stochastic differential equa¬ 
tions. 

Theorem 3.1. Let the coefficients of Eq. (2) satisfy assumptions (Al), (A2), (Cl), 
and (C2). Then, for any T > Q, we have the convergence in probability 


sup |-A"(f) - 

te[o,T] 


p 


0, n —>■ CO. 
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If additionally the constant in assumption (A2) is independent of R, then for any 
T > 0, 

E sup \X"‘{t) — X'^{t)^ —>-0, n —>■ oo. 

Proof. Denote =sup^g[ot] |A:”(<) - X0(i)|, a”’™ = a”(s, X™(s)), = 

c”’™(6») = c”(s,X™(s-),6l), 

im = t <’-ds, mt) = f b:’-dw{s), 

Jo Jo 

i:it)= f [ c:’^i9)i>id9,ds). 

Jo Jr’^ 

It is easy to see that and If are martingales. 

Write 

A-{tr<c(\X^{0)-X°{0)\^+ sup \lf{s)-lfis)\^ 

^ sGfO.il 



For N > 1, define 

= mi{t > 0 : |A:°(i)| V |A:"(i)| > N} 
and denote It = lt<cr” • Then 



In turn, 


‘ E [I- aC’° I ' 1„] du = E [| a" (u, X"(u)) - a" (u, (u)) | ' 1„] du 

) Jo 

pt pt 

<CN,t E[\X^{u)-X^{0)fK]du<CN,t E[A^{u)H^]du. 

Jo Jo 
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By the Doob inequality and Ito isometry we obtain 


sup | 4 "(s)-J°(s)|" <CE[| 4 "(tAa]^)-/°(iAa]^)|"] 

pt 

= C E[\b^’^-b°f\^ls]ds. 

Jo 

Estimating as in (5), we arrive at 

fE[\b-’^-b°f\h,]ds 

Jo 

<CnJ E[A^{sfU]ds + C j E[\b:’°-b°-fh]ds. 

Jo Jo 

Finally, the Doob inequality yields 

Ef sup |/"(s)-/°(s)|^j <C'E[|/"(tAu]^)-/°(tAa]^)|"] 

'-sG[0,iAf7]^] -* 

= c f [ E[\c:’-{9)-c°f{e)\\]Kd6)ds 
Jo Jr^ 

c f I (E[|crw -c°(0)ri.] + E[|c°( 0 ) - c^f{efu])^i{de)ds. 

Jo Jr^ 


< 


10 JR^ 
By (A2) we have 


C f [ E[|crW-C°(0)|^.]MWrfs 

^0 Jr'^ 

<CN,t [ E[|X"(s)-X°(s)|"l«]ds<C,v.t [ E[Z\"(sfl«]ds. 
Jo Jo 

Collecting all estimates, we arrive at the estimate 


E[A^{t)Ht] <C\X'^{Q)-X\{)f + CN,t [ E[Zl"(s)l,]ds 

Jo 

+ Ct f E[\'a^’°-~a°f\h,]ds + C f E[\b^^° - b°f\hs]ds 

Jo Jo 

+ c f [ E[|c:’°( 0 ) - c°f{9)\\]^i{de)ds, 


Jo JR™ 

where we can assume without loss of generality that the constants are nondecreasing 
in t. The application of the Gronwall lemma leads to 
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E[Z\”(T)2lr] 

< Cn,t - X°(0)|" + ^ E[|5:’° - 5°’°|"l,]ds 

+ fE[\b:^^-b^f\hs\ds+ r [ E[|c:'°(0)-cr(^)ri«]A^Ws 

Jo Jo Jr™ 

We claim that the right-hand side of the latter inequality vanishes as n — oo. Indeed, 
the integrands are bounded by Ct( 1-I- |^(s)p) due to (Al) and vanish pointwise due 
to (Cl). Hence, the convergence of integrals follows from the dominated convergence 
theorem. The first term vanishes due to (C2); thus, 

E[A^{TflT]^0, n^oo. 

Now to prove the first statement, for any e > 0, write 

P(z\”(r) > e) < ^E[Zl"(r)2lT] + < T) 

< \E\A'^{TfiT\ + pf sup |a:"(o)| > n) 

^ '"tG[0,T] J 

+ p( sup |x°(0)| > iv). 

This implies 

Ih^ P(Z\”(r) >e) < 2sup pf sup |X’"(0)| > ivV 

rt->-oo „>Q VjgjQjn]' / 


By the Chebyshev inequality we have 


lim P(Z\"(r) >e) < —supE sup |X”(0) 


n>0 '-ie[0,T] 


Therefore, using (3) and letting N oo, we get 

li^ F(A"(T) >e) =0, 


as desired. 

In order to prove the second statement, we repeat the previous arguments with 
= T, getting the estimate 


E[Z\"(T)2] < CtMX”(0)-X°(0)|% J E[|d^'°-a°’°|^] 


ds 


^0 

+ r [ E[\c:^°{e)-c°f{e)\^]^^{de)ds 

Jo Jr™ 


Hence, we get the required convergence as before, using the dominated convergence 
theorem. □ 
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4 Convergence of hitting times 

For each n > 0, define the stopping time 

T” = inf{t>0:(/j"(t,X”(t)) >0} (6) 

with the convention inf 0 = +oo; is a function satisfying certain assumptions to 
be specified later. In this section, we study the convergence r" —^ as n —oo. 

The motivation to study stopping times of the form (6) comes from the financial 
modeling. Specifically, let a financial market model be driven by the process 
solving Eq. (2), and g > 0 be a constant discount factor. Consider the problem of 
optimal exercise of an American-type contingent claim with payoff function / and 
maturity T, that is, the maximization problem 

E[e“«^/(X"(r))] ->max, 

where r is a stopping time taking values in [0, T], Define the value function 
t;”(f,x)= sup I X”(f) = 2 :] 

TG[t.T] 

as the maximal expected discounted payoff provided that the price process starts 
from X at the moment f; the supremum is taken over all stopping times with values in 

Then it is well known that the minimal optimal stopping time is given as 

r*’" = inf{t > 0 : = /(X"(t))}, 

that is, it is the first time when the process X" hits the so-called optimal stopping set 

= {(t,x) G [0,r] X : v^irx) = fix)}. 

Note that t*’" < T since v{T,x) = gix). Since, obviously, v'^it,x) > fix), we 
may represent r*’" in the form (6) with (/?" = fix) — x). 

5 Convergence of hitting times for finite horizon 

Let T > 0 be a fixed number playing the role of finite maturity of an American 
contingent claim. Let also the stopping times r", n > 0, be given by (6) with 
: [0, T] X —>■ R satisfying the following assumptions. 

(Gl) ip^ G C'^([0, T) X R*^), and the derivative is locally Lipschitz continuous 
in X, that is, for all t G [0, T), i? > 0, s G [0, t], and x,y € BdiR), 

\DxpPis,x) - D^pPis,y)\ < Ct,R\x - y\. 

(G2) Lor all n > 0 and x G R'^, x) = 0. 

(G3) Lor all t G [0, T) and x G R^, 

\b°it,x)^D^ip^it,x)\ > 0. 


(7) 
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Here by b^(t, x)^x) we denote the vector in with jth coordinate equal 
to 

d 

j = 1,... ,fc. 

i=l 

Remark 5.1. Assumption (7) means that the diffusion is acting strongly enough 
toward the border of the set := {x G : (f^{t,x) < 0}. In which situa¬ 
tions does this assumption hold, will be studied elsewhere. Here we just want to 
remark that it is more delicate than it might seem. For example, consider the opti¬ 
mal stopping problem described in the beginning of this section with n = 0 in (2). 
Then, under suitable assumptions (see, e.g., [4, 7]), we have the smooth fit principle: 
dxV^{t,x) = dxf{x) on the boundary of the optimal stopping set. This means that 
we cannot set x) = f{x) — x) in order for (7) to hold, contrary to what 
was proposed in the beginning of the section. 

We will also assume the locally uniform convergence 

(G4) For all f G [0, T) and i? > 0, 

sup x) — x) I —>■ 0, n —>■ oo. 

(s,a;)G[0,i] 

Remark 5.2. The convergence of value functions in optimal stopping problems usu¬ 
ally holds under fairly mild assumptions on the convergence of coefficients and pay¬ 
offs. However, as we explained in Remark 5.1, we cannot use the value function 
for This means that we should hnd a function dehning Q different from 
x) — /(x), but it still should satisfy the convergence assumption (G4). 

The question in which cases such functions exist and the convergence assumption 
(G4) takes places will be a subject of our future research. 

In the case where ly has inhnite activity, that is, = oo, we will also need 

some additional assumptions on the components of Eq. (2). 

(A3) For each r > 0, \ Bm{r)) < oo. 

(A4) For alH > 0, X G and 9 G R™, 

|c°(f,x,6>)| < h{t,x)g{9), 

where the functions g, h are locally bounded, p(0) = 0, and g{9) 0, 9 ^ 0. 

Remark 5.3. Assumption (A3) means that only small jumps of fi can accumulate 
on a hnite interval; assumption (A4) means that small jumps of p, are translated by 
Eq. (2) to small jumps of X". An important and natural example of a situation where 
these assumptions are satished is an equation 

X°{t)=X°{0)+ [ a°{s,X°{s))ds+ [ b°{s,X°{s))dW{s) 

Jo Jo 

+ [ h°{s,X°{s-))dZ{s), t>0, 

Jo 

driven by a Levy process Z{t) = 6 u{d0^ ds). 
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Now we are in a position to state the main result of this section. 

Theorem 5.1. Assume (A1)-(A4), (Cl), (C2), (G1)-(G4). Then we have the following 
convergence in probability: 

n P 0 

T —>• r , n —>■ 00 . 

Proof. Let £, J be small positive numbers. We are to show that for all n large enough, 

P(|t’^-t°| >£) <5. (8) 

Using estimate (3) and the Chebyshev inequality, we obtain that for some i? > 0, 

Pf sup |X°(f)| > r] 

W[0.T]' ^ J 4 

Denote /C = [0, T - e/2] x Bd{R + 2), 

M = 1 + R + Ct,r+ 2 CtC j’-s/ 2 ,R +2 A- sup (|a(f, x)I + |6(f, x)I 

+ \dt<p°{t,x)\ + \Dxip°{t,x)\ + \b°{t,xCD^(p°(^t,x)\ ^), 

where, with some abuse of notation, Ct.r +2 is the constant from (A2) corresponding 
to T and R + 2, Ct is the sum of constants from (Al) and (4), and CT-ei 2 ,R +2 is 
the constant from (Gl) corresponding to T — e/2 and R + 2. 

Let K G (0, M] be a number, which we will specify later. Now we claim that there 
exists a function tp S T) x such that 

sup \‘p{t,x) — {t,x)\ < k/2 

{t,x)^K 

and, moreover, 

sup {\dt'p{t,x)\ + \D:^Lp{t,x)\ + \Dl^ip{t,x)\ + \lP(f,x)^Dxip{t,x)\ 

te[0,T-e/2] 

< CT-e/ 2 ,R +2 + sup {\dt>p° {t, x) \ + \D^(p°{t,x)\ 

{t,x)^IC 

+ \b°{t,xCD^ip°{t,x)\ 

< M. 

Indeed, we can take the convolution ip{t,x) = -k 4’){x) with a delta-like 

smooth function ip, supported on a ball of radius less than 1. 

Further, by (G4) there exists ni > 1 such that for all n > rii, 

sup \(p'^{t,x) — (p°{t,x)\ < >c/2. (9) 

{t,,x)^IC 

On the other hand, by Theorem 3.1 there exists n 2 > 1 such that for all n > n 2 , 

pf sup |X"(f)-A°(f)|>^) <^. (10) 

VtG[0,T] Al J 4 

In what follows, we consider n > ni V 712 - 
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Define the stopping time 


a” = inf<{ f > 0 : \X^ (t) - X° {t)\ > — or |X°(f)| >R\ AT. 


Write 


P(|r" -r°| > e) < P(|t" -t°| > e,a” >T-el2) 

+ P( sup |X°(f)| > i?) + pf sup \X^{t) - X%t)\ > ^ 
^te[o,T] ^ \te[o,T] 

c 

< P(|r"-r°| >e,CT" >T-e/2) + -. (11) 

For any t < a"', 

\X-{t)\<\xyt)\ + ^<R+l, 

and hence, 

< |<^"(f,X"(f)) -^(f,X"(f))| + \^{t,x-it))-^{t,x\t))\ 

< >f+M|X"(f) -X°(f)| < 2X. 

Now take some p G (0, e/2] whose exact value will be specified later and write the 
obvious inequality 

P(T*’°+e<r;’",a" >r-e/2) 

< P(t° <r-e,r° + p<T",(T" >T-e/2). (12) 

Assume that < T — e, + p < r", ct” > T — e/2. Then, for all t G 
[r°,r° + ?7] =:In, 

\ip^{s,X°is))-ip{s,X°{s))\<2^, <p"(f,X"(f)) <0. 

Therefore, in view of the inequality Ar°(T°)) > 0, we obtain 

ii^ (p(t,X°{t)) > Ar°(T°)) —2k. (13) 


Further, we will work with the expression (p(t, Ar°(f)) — (/3(r°, X'^{t'^)) for t G 
Ir/. For convenience, we will abbreviate fs = /(s, Ar*^(s)); for example, ips = 
(p(s,X°(s)). 

Let r > 0 be a positive number, which we will specify later, and assume that 
does not have jumps on T^ greater than r, that is, \ Bm(r)) x Ijj) = 0. Write, 

using the Ito formula. 


ip{t,X°{t)) - ip{T°,X°{T°)) 

= [ Ls(psds+ [ (D^(ps,b°dW{s)) 
Jt^ Jt^ 

=: Ii{t) + l2{t) + ^3(f)) 


f f As{6)v{d9,ds) 

J TqJ Bmir) 


where 
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Ltipt = dm + (Dm, at) + Dim) 

+ f {As{e) - {Dm,c°{s,x^is-),9)))^iide), 

JBm) 

As{e) = ^{s,X\s-)+c{s,X\s-),e)) - ip{s,X°{s-)). 


Start with estimating Since t < A {T — e/2) for any t G I,,, by the 

definition of M and cr" we have 


dm + {Dm,a°t) + ^tr{b°t{b°t)^ Dim) 


< M + <3M^. 


Further, by (A4), for f G and 9 G Br, \c{t, X(t—), 9)\ < h{t, X{t—))g{9) < 
KirUr, where Ki = sup^gjQ 2 -] | 2 ,|<^/i(f, a;) and rrir = g(0). Since 

rrir —>■ 0, r —>■ 0, we can assume that r is such that < 1 /Ki. Then, for t G I,,, by 
the Taylor formula 


'Em) 

1 


{Ati9) - {Dm,c%t,X°{t-),9)))fx{d9) 


< 


\Di 


- sup l^xx-t 

^ («,a:)e[0,T] X-Bd(-R+1) 


g}{u,x)\ [ \c{t,X°{t-),9)\^g,{d9) 

JBm{r) 


< ^m2(i + |A:(f)|^) < 1 m2(i + 

Summing up the estimates, we get 

|/i(f)| < {3M^ + M^)r] < AMS- 

Now proceed to / 3 (<). By the Doob inequality, for any a > 0, 
p(sup|/ 3 (f)| > a,cr„ > T-e/ 2 ') < p( sup |/ 3 (f)|>a) 

^tGln ^ '^te[To,(To+r;)A(T„] ^ 


(14) 


< Ca-^E 



0 


^s{9)l[ro,(ro+ri)Aa„]{s)l^{d9,ds) 


< 


< 


Ca ^ [ [ E[As{9flmro+v)r^<T„]{s)]^i{d9)ds 

Jo JBm{r) 

Ca~'^M‘^ f f E[|c(s,X°(s-),6»)|^l[^o,(^o+^)A,T„](s)]/i(d6')ds 

Jo JBm(r) 

Ca~'^M‘^ [ [ E[Klmll[xo,iTo+r|)^<^r^](s)]^J^{d9)ds < K2a~‘^mlr] 

Jo JB„(r) 


with some constant K 2 . Further, we fix a = and some r > 0 such that < 

S°I(VqK 2 ) and TOr < 1/iTi.Then 


(^sup|/ 3 (f)| > (5^?7^/^,cr„ > T-e/2^ < 


l6' 
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Hence, in view of (12)-(14), we obtain 
P(r°+£<r”,a">r-£/2) 

< P(inf hit) > >T-e/2) 

+ p(sup|J 3 (f)| >T-£/2)+P(i/((M™\5^(r)) x > O) 

< P(mf hit) > -2>f-4M'‘??- 5 ^ 771 / 2 ^ cr" >T -eji) 

16’ 

*)/16 (not yet fixing its exact value). Setting 


77/.t(K™\B™(r)) 


(15) 


Assume further that rj < rji := 

>c = (r/M4) A M, we get 

P(r°+£ < r",a" >T-el2) 

< Pf inf hit) > -5r]M*-d‘^ri^^^,a^ >T-e/2) + f. 

Write hit) = Jiit) + hit) + J^it), where 

Jiit)= / [D^ips - D^ipr°hldWis)), 

JtO 

hit)= [ {D,p>,o,{b°-b°o)dWis)), 

JtO 

Jsit) = {D,^rO,b°o{Wit) - H^(t°))) = {urO,Wit) - W {t°)) ; 

Us = b^{s,X°is)yD,ip{s,X^is)). 

Taking into account that (s, X°(s)) £ 1C for s < cr", we estimate with the help 
of Doob’s inequality 


sup Jl(f)^lcr">T-£/2 

LtGl„ 


< E 


sup hit)'^ 

’-i€[T°,(r°+77)Acr’^] 


< CE 


< CE 


f.(r“+r))A(T’‘ 


2l 


(D^(Ps - D^ip^o , b° dW (s)) 


p(T°+r?)AcT’’ 


\Dx^s 


12 IkOI 


'ds 


< CM^E 


pr +r/ 

/ \X^is)-X%T°)\^ds 

JtO 


< CM'^il + |X°( 0 )|^)r 72 < CM'^{1 +R^)ri^ < CM^rj^. 
Similarly, using (A2), we get 


sup J 2 (i)^lCT">r-e /2 
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The Chebyshev inequality yields 

p(sup(|Ji(t)| + |j 2 (i)|) 

with certain constant K^. Assume further that 

in which case the right-hand side of the last inequality does not exceed 5/16, and that 

125M9’ 

so that > 5r]M^. Hence, in view of (15), we obtain 

P(t° -f e < > T-e/2) 

< P( inf Jait) > -5r]M^ - ^ 

j io 

< p( J 3 (f) > (r°,x°(r°)) e ^) + ^. (16) 


Further, due to the strong Markov property of W, 


>(inf J 3 (f) >- 2772 / 3 -52^7l/^(T^X°(T°)) e/c) 

\ i J 


= E 
= E 




,XO(rO))pQ 


iiJ J-iif) > —2rf‘/^ — \ FrO 

l7c(r°,X0(r0)) 

X P( inf (u(s,a;),FF(s-f z)-H^(s)) > - 2772/3 _ ^2^1/2) 

\zG[0,r)] / 

where u{s,x) = b^{s,x)'^Dx(p{s,x). Observe now that {{u{s,x),W{z -I- s) — 

ll^(s)), 

z > 0} is a standard Wiener process multiplied by |u(s, a;) |. Therefore, 

pf inf (77(5, a;), VF(s -I- z) — VF(s)) >—2772/3 — ,52^1/2/ 

Vze[0,r/]^ / 

= 1 — 2P((7t(s, a;), FF(s -I- 77) — VF(s)) < 


= 1 - 2 ^ - 


2772/3 + \ 

(s,x)|77i/2 J 


= 1-2^ - 


277 I /6 _|_ ^2 
|M(s,a;)| 


where <!> is the standard normal distribution function. Thus, 
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>( inf Jait) > - 27 / 2/3 - 52^1/2^ ^ jA 

2r]^/^ + (5^ 


< E 


l^(r°,X°(r°)) l-2^> - 


|7t(r3, X3(r3) 


My/2, 


< 1 - 2 ^>(-M(27/1/6 + 52 )) < -^(27/1/6 + 52 ). 

Note that the definition of M does not depend on 6. Thus, we can assume without 
loss of generality that 5 < s/tt/ (32M-\/2). Finally, if 


then 

p{ig^ Jsit) > -27/2/3 - Z\2^-1/2^ ^ ^ 

Now we can fix 7 / = min{£/2, 7 / 1 , p 2 , ?? 3 , ?? 4 }, making all previous estimates to hold. 
Combining (16) with (17), we arrive at 

P(r° + e < > r-e/2) < 

Similarly, 

P(r"+£<r°,a">r-£/2) < 

and hence 

P(|r"-r°| > £,a" >T-£/2) < 

Plugging this estimate into (11), we arrive at the desired inequality (8). □ 

Remark 5.4. It is easy to modify the proof for the case where (7) holds for all (t, x) G 
C/O := {(t, x) G [0, T) X : ip{t, x) = 0}. Indeed, the continuity would imply that 
(7) holds in some neighborhood of which is sufficient for the argument. 

Remark 5.5. As we have already mentioned, assumptions (A3) and (A4) are not 
needed in the case /i(R'") < 00 . Indeed, we can set t- = 0 in the previous argument 
and skip the estimation of l 3 {t). Nevertheless, these assumptions does not seem very 
restrictive, as we pointed out in Remark 5.3. 


5.7 Convergence of hitting times for infinite horizon 

Here we extend the results of the previous subsection to the case of infinite time 
horizon. Let, as before, the stopping times r", 77 > 0, be given by (6). We impose the 
following assumptions. 

(HI) ip^ G C'i([0, 00) X and is locally Lipschitz continuous in x, that is, 

for all r > 0, 7? > 0, f G [0, T], and x, 7/ G BfiR), 

\D^pP{t,x) - 77 a;(/ 5 °(f,y)| < Ct,r\x - y\. 
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(H2) < oo a.s. 

(H3) For alH > 0 and x G 

\Dooip°{t,x)b°{t,xC\ > 0 . 


(H4) For alH > 0 and i? > 0, 

sup x) — x)| —>■ 0, n —>• oo. 

(s,a:;)e[0,£] xB^iR) 

Theorems.!. Assume (Al), (A2), (Cl), (C2), (H1)-(H4). Then we have the following 
convergence in probability: 


Proof. Fix arbitrary e S (0, 1 ) and 5 > 0. Since < oo a.s., P(t° > T— 1) < S for 
some T > 1. For n> 0,t G [0, T], and x G define x) = x)1[o^t) (f)> 

rlf = A T. Then the functions n > 0, satisfy (G1)-(G3) and = inf{f > 
0 : X^{t)) > 0}. Therefore, in view of Theorem 5.1, 

P(|Ty — Ty°| > e) —^ 0, n —>■ oo. 


We estimate 


P(|r'*-T°| >£) < P(|r?-T^| >£) +P(tO >T - 1) 
< P(|r^_r0| >e)+5. 


Hence, 


lim P(|t" — r°| > £:) < i5. 

Letting 5 —0, we arrive at the desired convergence. □ 

Example 5.1. Let d = k = m = 1 and for all f > 0, x,0 G R, 0^(1, x) = a", 
b^{t, x) = X, 9) = c"0, where a", 6", c" G R. Then we have a sequence of 

Levy processes 

X"(f) =X”(0)+a”f + 5”lL(f) + c’" / [ 0u(ds,d0). 

Jo Jr 

Consider the following times: 

r” = inf{f > 0 : >/i"(f)} AT, n > 0, 

of crossing some curve h G <^^([0, T)). 

Assume that a" —>■ a°, ^ b^ 0, c" —>■ c°, and X"(0) —?> 2f°(0) as n —>■ oo 

and, for any t G [0,T), sup^^jg \h^{t) — h^{t)\ —>■ 0 as n —>■ oo. Then r” t°, 
n ^ oo. Indeed, setting (p'^{t,x) = — x)l[o 7 ’)(f), we can check that all 

assumptions of Theorem 5.1 are in force. 
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Example 5.2. Let d = k = m = 1. Suppose that the coefficients a", 6", c" satisfy 
(Al), (A2) and that the convergence (C1)-(C3) takes place. Assume that b^{t, x) > 0 
for all f > 0 and x G R. Define 

r” = inf{f>0:X”(f) ^ (r,r”)}, n > 0. 

It is not hard to check that, due to the nondegeneracy of W, < c» a.s. Assume that 
in ^ ^ xjien, setting ip‘^{t,x) = {x — l^)(r^ — x) and using 

Theorem 5.2, we get the convergence r" r°, n —>■ oo. 
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